Abstract. In this paper, we study the notions of endo-semiprime and endocosemiprime modules and obtain some related results. For instance, we show that in a right self-injective ring R, all nonzero ideals of R are endo-semiprime as right (left) R-modules if and only if R is semiprime. Also, we prove that both being endo-semiprime and being endo-cosemiprime are Morita invariant properties.
submodule if for any submodule K of M and any ideal I of R, KI ⊆ N implies that K ⊆ N or M I ⊆ N . The dual of prime modules was introduced and studied by Ceken, Alkan and smith in [2] . In fact, a nonzero R-module M is called coprime if ann R (M ) = ann R (M/N ), for any proper submodule N of M . Also, a nonzero R-module M is called cosemiprime if ann R (M/N ) is a semiprime ideal of R, for any proper submodule N of M . It is easy to see that every prime (resp., coprime) R-module is semiprime (resp., cosemiprime). More details about these notions can be found in [1, 6, 8] .
Let M be a right R-module and S = End(M R ). In [5] , the authors introduced and studied the notion of endo-prime modules. In fact, M is called endo-prime if for any nonzero fully invariant submodule N of M and any f ∈ S, f N = 0 implies that f = 0, i.e., ann S (N ) = 0, for any nonzero fully invariant submodule N of M . In this paper, we generalize this notion as follows: we say that M is endo-semiprime if ann S (N ) is a semiprime ideal of S for any nonzero fully invariant submodule N of M . Also, we introduce and study the dual notion of endo-semiprime. A nonzero right R-module M is called endo-cosemiprime if ann S (M/N ) is a semiprime ideal of S, for any proper fully invariant submodule N of M R . Among other results, we prove that if M R is epi-retractable (resp., co-mono-retractable) such that S = End(M R ) is a semiprime ring, then M R is endo-semiprime (resp., endo-cosemiprime) (Proposition 2.11). Also, it is shown that every semisimple module is both endo-semiprime and endo-cosemiprime (Corollary 2.14). For example, if the integer number n is square-free, then Z/nZ as Z-module is endosemiprime. Because nZ is a semiprime ideal of Z, see Corollary 2.7. Also, from the above definition, we can easily see that if M R is endo-semiprime, then S = End(M R ) is a semiprime ring. We will show that Z p ∞ is endo-cosemiprime while is not endo-semiprime, see Example 2.13. Also, it is easy to see that if M R is endo-cosemiprime, then S = End(M R ) is a semiprime ring. 
Proof. It is easy to see that: (1) R is a semiprime ring;
Corollary 2.9. (1) R R is endo-cosemiprime if and only if every proper ideal of R is semiprime.
(2) If I is a right ideal in a ring R such that (R/I) R is an endo-semiprime R-module, then I behaves like a semiprime ideal, i.e., for any a ∈ R, aRa ⊆ I concludes that a ∈ I. Remark 2.12. The epi-retractable property is required in Proposition 2.11. For example, if p is a prime number, then Z p ∞ is not epi-retractable Z-module and its endomorphism ring is the integral domain of p-adic integers that is a semiprime ring, but Z p ∞ is not an endo-semiprime Zmodule. Because if f is the homomorphism by multiplication p, then f < 1/p 2 ≯ = 0 whereas
Remark 2.10, together with the following example show that the concepts of endo-semiprime and endo-cosemiprime are independent conditions. Example 2.13. Z p ∞ is an endo-cosemiprime Z-module. Because for any proper submodule K and N 2 are not isomorphic. By Corollary 2.14, M is endo-semiprime but it is not endo-prime,
is not prime.
Proposition 2.16. Let M R be an endo-semiprime R-module. If either R is a commutative ring or M is retractable, then M is semiprime.
Proof. First assume that R is commutative, N is a nonzero submodule of M and a ∈ R such that a 2 ∈ ann R (N ). We define R-homomorphism f as follows:
Then f (SN ) = SN a is a fully invariant submodule of M , where S = End(M R ). Thus, for any Hence;
Consequently, we have f Sf = 0 and since M is endo-semiprime, f = 0, a contradiction.
Thus, ann R (N ) is semiprime.
In [5] , it is shown that if M is an endo-prime R-module, then the fully invariant submodules of M can not be summand. This fact is not true for endo-semiprime modules, because the Zmodules Z 6 is endo-semiprime and 3Z 6 is a fully invariant submodule in Z 6 with Z 6 = 2Z 6 ⊕3Z 6 .
The direct sum of two endo-semiprime modules may be not endo-semiprime. To see this, consider the following example.
Example 2.17. Let p be a prime number. It is easy to see that Z and Z p are endo-semiprime, as Z-module. However, Z ⊕ Z p is not endo-semiprime, because the ring
is not semiprime.
In the following result we show that in some endo-semiprime modules, every fully invariant submodule is endo-semiprime.
Proposition 2.18. Let M R be an endo-semiprime R-module and N be a fully invariant submodule of M . If either N is a direct summand of M or M R is quasi-injective, then N is an endo-semiprime R-module.
Proof. If N is a direct summand of M , then it is easy to check that N is an endo-semiprime Rmodule. Now, assume that M R is quasi-injective and K is a fully invariant submodule of N .
Then K is also a fully invariant submodule of M . We set S = End(N R ) and S = End(M R ).
Suppose that f Sf (K) = 0, for some f ∈ S. Then since M is quasi-injective, there exists f ∈ S such that f | N = f . We show that f S f (K) = 0. For each h ∈ S, h = h| N ∈ S and since K is a fully invariant submodule of M we have:
Theorem 2.19. Let R be a ring. Consider the following statements:
(1) R is semiprime.
(2) There exists a faithful retractable right (left) endo-semiprime R-module. (1) ⇒ (3). Since R is semiprime, by Corollary 2.8, R R is endo-semiprime. Now by Proposition 2.18, (3) is obtained because R R is injective. Proof. We show that ann R (M ) is a semiprime ideal of R. Let a ∈ R such that a 2 ∈ ann R (M ). 
